In this article, we prove that if a finitely presented group has an asymptotic cone which is tree-graded with respect to a precise set of pieces then it is relatively hyperbolic. This answers a question of M. Sapir.
Introduction
Let G be a finitely generated group, considered as a metric space with the corresponding word metric. Roughly speaking, an asymptotic cone of G is the metric space obtained by viewing G from infinitely far away. It can be defined as follows. Let d = (d n ) be a sequence of real numbers diverging to infinity and ω a non-principal ultra-filter. The asymptotic cone Con ω (G, d) is the ω-limit of the sequences (G/d n ) where G/d n stands for the group G whose metric has been rescaled by d n (see Section 2.1 for a precise definition of ultra-limit of metric spaces). This object has been originally introduced by M. Gromov [16] and formalized later by L. van Dries and A. Wilkie using ultra-filters [32] . An asymptotic cone captures some of the logical and geometrical properties of G. In particular, it provides information about the large scale features of the group and thus serves as a quasi-isometry invariant [13] . Indeed, if two groups are quasi-isometric, then their asymptotic cones are bi-Lipschitz equivalent. In particular, the topology of the cone does not depend on the choice of a finite generating set for the group. Asymptotic cones have been also used to characterize several classes of groups. For instance, a finitely generated group is (i) virtually nilpotent if and only if all its asymptotic cones are locally compact [16, 32, 13] ,
(ii) hyperbolic if and only if all its asymptotic cones are R-trees [18] .
Note that these statements involve all asymptotic cones of the group. Indeed Con ω (G, d) does depend on the ultra-filter ω and the rescaling sequence d. A finitely generated group G is called lacunary hyperbolic if one of its asymptotic cones is an R-tree [25] . Contrary to the situation described in (ii), this class contains many non-hyperbolic groups: Gromov's Monster group [20, 2] , some Tarski monsters [25, 24] , non-virtually cyclic elementary amenable groups [25] , etc. However in each of these examples the group is not finitely presented. This is essential because of the following statement. Theorem 1.1 (Kapovitch-Kleiner). [25, Theorem 8 .1] Let G be a finitely presented group. If some asymptotic cone of G is an R-tree, then G is hyperbolic.
This theorem can been understood as a Cartan-Hadamard type statement for groups. In Riemannian geometry, one challenge is to understand the global properties of a manifold using information from microscopic scale, in particular the ones supported by the curvature tensor. The Cartan-Hadamard theorem states that the universal cover of a complete manifold with negative sectional curvature is homeomorphic to a Euclidian space. A similar local-to-global phenomenon exists for δ-hyperbolic spaces (in the sense of Gromov [17] ). However the δ-hyperbolicity only reflects the metric properties of the space at a large scale compared to δ. Therefore one does not want to use the microscopic scale of Riemannian geometry and prefers to look at balls of fixed radius σ δ. A space X is σ-locally δ-hyperbolic, if every ball of X of radius σ is δ-hyperbolic. If any based loop in X is homotopic to a product of loops each of which is freely homotopic to a loop of diameter at most ε > 0, we say that X is ε-simply connected. The following Cartan-Hadamard theorem has been formulated by M. Gromov [17] . There are many proofs in the literature (for example: B. Bowditch [6] , P. Papsoglu [29] , or T. Delzant and M. Gromov [12] ). We refer here to the statement given by the first author in [11, Theorem A.1] . Theorem 1.2 (Cartan-Hadamard Theorem). Let δ 0 and σ > 10 7 δ. Let X be a length space. If X is σ-locally δ-hyperbolic and 10 −5 σ-simply connected then X is (globally) 300δ-hyperbolic.
From this point of view Theorem 1.1 is a reformulation of the Cartan-Hadamard theorem. Since one asymptotic cone of G is an R-tree, for every δ > 0, there exists σ > 10 7 δ such that G is σ-locally δ-hyperbolic. On the other hand, G being finitely presented, its Cayley graph is ε-simply connected for a sufficiently large ε. Thus the hyperbolicity of G follows from the Cartan-Hadamard theorem.
In this paper we provide a generalization of Theorem 1.1 for relatively hyperbolic groups. The notion of a group being hyperbolic relative to a collection of subgroups was introduced by Gromov in [17] . It provides a natural generalization of hyperbolicity. Indeed a group is hyperbolic if and only if it is hyperbolic relative to the trivial subgroup. In addition, many results about hyperbolic groups have some natural analogue for relatively hyperbolic groups. Examples of relatively hyperbolic groups include: the fundamental group of a complete, finite volume manifold with pinched negative sectional curvature is hyperbolic relative to the cusp subgroups [7, 15] , geometrically finite Kleinian groups are hyperbolic relative to the set of maximal parabolic subgroups [7, 33] , and the fundamental group of a finite graph of groups with finite edge groups is hyperbolic relative to the vertex groups [7] . Note that every finitely generated group with infinitely many ends is contained in this last example by the famous theorem of Stallings [31, 30] .
There are several definitions of relative hyperbolicity (see [22] and references therein). We will use the following definition, which is essentially the same as the original definition of Gromov [17] . For simplicity, we will present in the introduction our work for a single parabolic subgroup. However everything holds for a finite family of parabolic subgroups. Definition 1.3. [22, Definition 3.3] Let G be a group and H a subgroup of G. Assume that G acts properly on a proper δ-hyperbolic space X, such that every maximal parabolic subgroup is a conjugate of H. Suppose also that there is a G-equivariant collection of disjoint open horoballs centered at the parabolic points of G, with union U , such that G acts co-compactly on X \ U . Then G is hyperbolic relative to H.
The asymptotic cones of relatively hyperbolic groups have been described by C. Druţu, D. Osin and M. Sapir in [14] . To that end they introduced the notion of a tree-graded space. Definition 1.4. Let X be a complete geodesic metric space and Y a collection of closed geodesic subspaces (called pieces). The space X is tree-graded with respect to Y if the following holds.
(T 1 ) Every two different pieces have at most one common point.
(T 2 ) Every simple closed curve in X is contained in one piece.
Asymptotic cones of relatively hyperbolic groups are tree-graded with respect to limits of cosets of the parabolic subgroups [14] . To be more precise, let G be a finitely generated group and let H be a subgroup of G. Let ω be a non-principal ultra-filter and d = (d n ) a sequence of rescaling parameters diverging to infinity. Given a collection of subsets (Y n ) of G, the limit set lim ω Y n is the set of points of Con ω (G, d) that can be obtained as a limit of points (y n ) with y n ∈ Y n . The group G is sparsely asymptotically tree-graded (respectively asymptotically tree-graded ) with respect to H if there exists an asymptotic cone such that (respectively for every asymptotic cone) the following holds.
(T ω 1 ) For every sequence (g n ) of elements of G, if lim ω g n H and lim ω H have more than one common point then g n ∈ H ω-almost surely.
(T ω 2 ) Every simple closed curve in Con ω (G, d) is contained in some limit lim ω g n H with g n ∈ G. Theorem 1.5 (Druţu-Osin-Sapir). [14, Theorem 8.5 ] A finitely generated group G is asymptotically tree-graded with respect to a subgroup H if and only if it is hyperbolic relative to H.
In view of Theorem 1.1 and Theorem 1.5, M. Sapir asked the following question. Let G be a finitely presented group and H a subgroup of G. If G is sparsely asymptotically tree-graded with respect to H, then is G hyperbolic relative to H? Our main result answers this question positively. Moreover, we show that G does not have to be finitely presented, but only finitely presented relative to the subgroup H. Recall that a group G is finitely presented relative to a subgroup H if there exist a finite subset S of G and a finite subset R of the free product F(S) * H (where F(S) denotes the free group generated by S) such that G is isomorphic to the quotient of F(S) * H by the normal subgroup generated by R. In particular if G is a finitely presented group and H a subgroup of G, then G is finitely presented relative to H if and only if H is finitely generated. Theorem 1.6. Let G be a finitely generated group and H a subgroup of G. Assume that G is finitely presented relative to H. If G is sparsely asymptotically tree-graded with respect to H then G is hyperbolic relative to H.
Let us briefly sketch the proof. If G is finitely generated and finitely presented relative to H, then H must be finitely generated [26] . So without loss of generality, we can choose a finite generating set of G that contains a generating set of H. In particular, the corresponding Cayley graph Y of H embeds into the corresponding Cayley graph X of G. In addition, we can assume that H is infinite. Otherwise the asymptotic cone of G would just be an R-tree and the result would follow from Theorem 1.1. We construct from this data a cone-off spaceẊ obtained as follows. For every g ∈ G/H we attach to the space X an horocone Z(gY ) along gY . This horocone is the product Z(gY ) = gY × R + endowed with a metric modeled on an horoball of the hyperbolic plane H. Similar constructions have been considered by many people (for instance [7, 12, 21, 10] ). In fact, if G is hyperbolic relative to H then the canonical action of G on the cone-offẊ satisfies the axioms of Definition 1.3. ThereforeẊ is a natural candidate to prove that G is relatively hyperbolic under our assumptions. In particular we need to show thatẊ is hyperbolic which is where we use the previously stated Cartan-Hadamard theorem for hyperbolic spaces. As explained before it combines two ingredients, a topological one and a metric one.
Since G is finitely presented relative to H every loop in X (and thusẊ) can be written as a product of loops each of which is homotopic either to a loop given by a relation of our presentation or a loop contained in gY for some g ∈ G. Since the presentation is finite, there are only finitely many loop in the first class (up to conjugacy). On the other hand, any loop of the second type can be pushed up in the horocone in such a way that its diameter becomes arbitrarily small. Thus there exists ε > 0 such thatẊ is ε-simply-connected (see Proposition 3.17).
By construction, every horocone ofẊ is 2δ-hyperbolic, where δ is the hyperbolicity constant of the hyperbolic plane H. However, attached together, the cone-off spaceẊ might fail to be hyperbolic (even locally hyperbolic). Here we use the asymptotic properties of G. By assumption an asymptotic cone X ∞ = Con ω (G, d) of G is tree-graded with respect to a collection of pieces Y ∞ which correspond exactly to the limits of translates of Y . In particular if we perform the cone-off construction by attaching on X ∞ horocones Z(Y ∞ ) with base Y ∞ ∈ Y ∞ , we obtain a 2δ-hyperbolic space. Indeed, if we attach together two hyperbolic spaces which have a single common point, the resulting space is still hyperbolic with the same hyperbolicity constant. This proves that a cone-off over the asymptotic cone of G is hyperbolic. However the two operations -building the cone-off and taking the asymptotic cone -can be interchanged (in a precise way, see Theorem 3.19). It follows that a limit of cone-off spaces (Ẋ n ) built over the Cayley graph X of G is hyperbolic, therefore one of them is locally hyperbolic (with constants as good as desired). Using Theorem 1.2, we get that there exists n ∈ N such thatẊ n is globally hyperbolic (see Theorem 3.20) . Then we prove that it also satisfies the other assumptions of Definition 1.3.
Outline of the paper. In Section 2 we recall the properties about metric spaces that will be useful later. In particular we make precise the definitions that have been sketch in the introduction (hyperbolic spaces, ultra-limits, tree-graded spaces, etc). At the end of the section we reformulate our main theorem in terms of an action on a metric space (see Theorem 2.19) . Section 3 is devoted to proof of a slightly weaker form of Theorem 2.19 (see Theorem 2.21). We use as explained in the introduction the cone-off construction with horocones. In Section 4, we explain how the strong statement (Theorem 2.19) can actually be deduced from the weaker one (Theorem 2.21). It uses a careful study of tree-graded ultra limits. The last section provides examples, in particular Theorem 1.6 and comments about the main result.
2 Generalities about metric spaces.
In this section we collect some definitions and properties about metric spaces. Let X be a metric space. Given two points x, x in X, we write |x − x | X or simply |x − x | for the distance between them. The open ball of radius r and center x is denoted by B r (x). The space X is proper if every bounded closed subset of X is compact. Let I be an interval of R. The length of a rectifiable path γ : I → X is denoted by L(γ).
Ultra-limit of metric spaces and asymptotic cones
A non-principal utltra-filter is a finite additive map ω : P(N) → {0, 1} which vanishes on every finite subset of N and such that ω(N) = 1. A property P n depending on an integer n is said to be true ω-almost surely (ω-as) if ω({n ∈ N |P n is true}) = 1. An sequence of real numbers (u n ) is ω-essentially bounded (ω-eb) if there exists a number M such that |u n | M ω-as. Given a real number l we say that the ω-limit of (u n ) is l and write lim ω u n = l if for every ε > 0, |u n − l| ε ω-as. In particular any ω-eb sequence of real numbers admits an ω-limit [5] .
Let (X n , e n ) be a sequence of pointed metric spaces. We define the partial product Π ω X n by
This set is endowed with a pseudo-metric given by the following formula. Given two elements
Definition 2.1. Let (X n , e n ) be a sequence of pointed metric spaces and ω a non-principal ultrafilter. The ω-limit of (X n , e n ) denoted by lim ω (X n , e n ), or simply lim ω X n , is the quotient of Π ω X n by the equivalence relation which identifies two points at distance zero. The pseudo-distance on Π ω X n induces a distance on lim ω X n .
Notations. With the same notations as in the previous definition.
Let (x n ) be an element of Π ω X n . The image of (x n ) in lim ω X n is denoted lim ω x n . For every n ∈ N, let Y n be a subset of X n . We define the subset lim ω Y n of lim ω X n by lim ω Y n = lim ω y n (y n ) ∈ Π ω X n and y n ∈ Y n ω-as .
The asymptotic cone of a metric space is a particular example of ultra-limit. It is defined as follows.
Definition 2.2. Let ω be a non-principal ultra-filter. Let X be a metric space. Let e = (e n ) be a sequence of points of X and d = (d n ) a sequence a real numbers diverging to infinity. The asymptotic cone of X with respect to e, d and ω and denoted by Con ω (X, e, d) is the ω-limit lim ω ((1/d n )X, e n ) where (1/d n )X stands for the space X whose metric has been rescaled by d n .
2.2 Tree-graded spaces. (T 2 ) Every simple closed curve in X is contained in one piece.
Then we say that the space X is tree-graded with respect to Y. Lemma 2.5. Suppose that X is tree-graded by closed pieces. If γ : S 1 → X is not contained in a single piece, then there exists distinct transition points t 1 , t 2 ∈ S 1 such that γ(t 1 ) = γ(t 2 ).
Proof. Without loss of generality we can assume that γ is not a constant map. Since X is tree graded γ −1 (Y ) is non-degenerate for some piece Y . Fix such a piece Y . Suppose that x, y are the two endpoints of a connected component
Following proof of [14, Corollary 2.9] of γ [x, y) projects onto γ(x) and γ (x, y] projects onto γ(y). Since projection onto a piece is a well-defined map, γ(x) = γ(y). Definition 2.6. Fix a non-principal ultra-filter ω. For every n ∈ N, let (X n , e n ) be a pointed geodesic metric space and Y n a family of subspaces of X n . We will then say that (X n , e n ) is sparsely tree-graded with respect to (Y n ), if the following assertions hold.
Note that being sparsely tree-graded depends on an ultrafilter and is slightly stronger than lim ω (X n , e n ) being tree-graded with respect to Y = {lim ω Y n |(Y n ) ∈ Π n∈N Y n }. Let X be a metric space and Y be a collection of subspaces of X. We will say that X is sparsely asymptotically tree-graded with respect to Y, if there exists a non-principal ultra-filter ω, a sequence d = (d n ) of numbers diverging to infinity and a sequence e = (e n ) of base points of X such that such that (X n , e n ) is sparsely tree-graded with respect to (Y n ), where for every n ∈ N,
When necessary for clarity, we will say that X is (ω, d, e)-sparsely asymptotically tree-graded. If a metric space is (ω, d, e)-sparsely asymptotically tree-graded for every triple (ω, d, e), then X is asymptotically tree-graded in the terminology of C. Drutu and M. Sapir [14] . Let G be a finitely generated group and {H 1 , . . . , H m } be a finite collection of subgroups of G. By abuse of notation we will say that the group G is sparsely asymptotically tree-graded with respect to {H 1 , . . . , H m } if G (as a metric space) is sparsely asymptotically tree-graded with respect to the set H of all H i -cosets, i.e.
Lemma 2.7. Let G be a group. For every n ∈ N, we consider a metric space X n endowed with an action by isometries of G and a G-invariant collection Y n of subspaces of X n . We assume that the diameter of X n /G is uniformly bounded. Let (e n ), (e n ) ∈ Π n∈N X n be two sequences of base points. The spaces lim ω (X n , e n ) and lim ω (X n , e n ) are isometric. Moreover (X n , e n ) is sparsely tree-graded with respect to (Y n ) if and only if (X n , e n ) is sparsely tree-graded with respect to (Y n ).
Remark. In this paper we are mainly interested in asymptotic cones of groups. Thus in our examples the diameter of X n /G will always be uniformly bounded. Therefore beging sparsely tree-graded is independent of the choice of the base points.
Proof. The diameter of the sequence (X n /G) is bounded. Therefore there exists a sequence (g n ) of elements of G such that |g n e n − e n | is uniformly bounded. In particular for every sequence (x n ) ∈ Π n∈N X n , if (|x n − e n |) is ω-eb, so is (|g n x n − e n |). This allows us to define a map ϕ : lim ω (X n , e n ) → lim ω (X n , e n ) as follows.
Since G acts by isometries on X n , the map ϕ is an isometry. We claim that it preserves the tree-graded structure. Assume that (X n , e n ) is sparsely tree-graded with respect to (Y n ).
However for every n ∈ N, Y n is G-invariant, thus g n Y n and g n Y n are two elements of Y n . Moreover g n Y n = g n Y n ω-as. Since (X n , e n ) is sparsely tree-graded with respect to (Y n ), lim ω g n Y n and lim ω g n Y n have at most one common point. It follows that ϕ(lim ω Y n ∩ lim ω Y n ) contains at most one point. Recall that ϕ is a bijection, thus the same holds for lim ω Y n ∩ lim ω Y n .
(ii) Let γ be a simple closed loop of lim ω (X n , e n ). Since ϕ is an isometry, ϕ • γ is a simple closed loop of lim ω (X n , e n ). Consequently, for every n ∈ N, there exists an element
These two points show that (X n , e n ) is sparsely tree-graded with respect to (Y n ).
Hyperbolic spaces
The four point inequality. Let x, y and z be three points of X. Their Gromov product is defined by the following formula.
Note that in this definition we did not assume X to be proper or geodesic. Let σ > 0. The space X is σ-locally δ-hyperbolic if every ball of radius σ is δ-hyperbolic. When the space X is "almost" simply-connected the hyperbolicity actually follows from a local four point condition.
Definition 2.9. Let ε > 0. The space X is ε-simply connected if any based loop is homotopic to a product of loops each of which is freely homotopic to a loop of diameter at most ε. For the rest of Section 2.3 we will assume that X is a δ-hyperbolic length space.
Lemma 2.11. Let x 1 , x 2 , x 1 and x 2 be four points of X. Let y ∈ X. If
Proof. Applying twice the four point inequality (1) we get
However the triangle inequality gives x 1 , x 2 y |x 1 − y| − |x 1 − x 2 |. According to our first assumption on y the minimum in (2) cannot be achieved by x 1 , x 2 y . Similarly it cannot achieved by x 1 , x 2 y . Thus x 2 , x 2 y x 1 , x 1 y + 2δ.
Quasi-geodesics. Let I be an interval of R. Let γ : I → X be a rectifiable path of X parametrized by arclength. It is an L-local
Lemma 2.12.
[11, Proposition 2.4] Let γ : I → X be a (1, l)-quasi-geodesic joining two points y and y . For every x ∈ X, we have d(x, γ) y, y x + l + 3δ.
One important feature of hyperbolic spaces is the stability of quasi-geodesics recalled below.
Proposition 2.13. [11, Corollary 2.6] Let l 0. There exists L > 0 depending only on l and δ with the following property. Let γ and γ be two L-local (1, l)-quasi-geodesics of X. If they have the same endpoints then the Haussdorf distance between them is at most 2l + 5δ.
The boundary at infinity. Let e be a base point of X. A sequence (y n ) of points of X converges to infinity if y n , y m e tends to infinity as n and m approach infinity. The set S of such sequences is endowed with a binary relation defined as follows. Two sequences (y n ) and (z n ) are related if
If follows from (1) that this relation is actually an equivalence relation. The boundary at infinity of X denoted by ∂X is the quotient of S by this relation. If the sequence (y n ) is an element in the class of ξ ∈ ∂X we say that (y n ) converges to ξ and write
Note that the definition of ∂X does not depend on the base point e. If Y is a subset of X we denote by ∂Y the set of elements of ∂X which are the limit of a sequence of points of Y .
Isometries. The isometries of X can be sort into three categories [9, Chapitre 9, Théorème 2.1]. An isometry g of X is (i) elliptic, if one (and hence all) orbit of g is bounded.
(ii) parabolic, if one (and hence all) orbit of g admits a unique accumulation point in ∂X.
(iii) hyperbolic, if one (and hence all) orbit of g admits exactly two accumulation points in ∂X.
In order to measure the action of an isometry g on X we define the translation length [g] and the stable translation length [g] ∞ .
[g] = inf
An isometry of X is hyperbolic if and only if its stable translation length is positive [9, Chapitre 10, Proposition 6.3]. The translation lengths are related according to the following proposition.
Proposition 2.14. [9, Chapitre 10, Proposition 6.4] Let g be an isometry of X. Its translation lengths satisfy
Proper geodesic spaces. In this paragraph we assume that in addition to being δ-hyperbolic, X is also proper and geodesic. Let ρ : [0, +∞) → X be a geodesic ray. There exists a point ξ ∈ ∂X such that for every sequence of real numbers (t n ) diverging to infinity, lim n→+∞ ρ(t n ) = ξ. In this situation we consider ξ as an endpoint at infinity of ρ and write lim t→+∞ ρ(t) = ξ. For every pair of distinct points x, x ∈ X ∪ ∂X there exists an (eventually infinite) geodesic γ joining x to x [9, Chapitre 2, Proposition 2.1].
Since X is proper and geodesic, ∂X is in one-to-one correspondence with the quotient of the set of rays starting at a given base point e by the equivalence relation that identifies two rays at finite Hausdorff distance [9, Chapitre 2, Proposition 3.1]. Therefore X ∪ ∂X inherits the topology of uniform convergence on bounded sets. Moreover X ∪ ∂X is compact for this topology [9, Chapitre 2, Proposition 3.2].
Let ξ ∈ ∂X and ρ : [0, +∞) → X be a geodesic ray such that lim t→+∞ ρ(t) = ξ. We associate to ρ a function h : X → R defined by
Such a map is called a Buseman function about the point ξ.
Definition 2.15. Let ξ ∈ ∂X. A subset Y of X is a horoball centered at ξ if there exists a Buseman function h about ξ and a constant α 0 such that for every x ∈ Y , h(x) α and for
Relatively hyperbolic groups. Let G be a group acting properly on a proper geodesic hyperbolic metric space X. By properly we mean that for every x ∈ X there exists a positive number r such that the set {g |gB r (x) ∩ B r (x) = ∅} is finite. A subgroup H of G is called a parabolic subgroup if H is infinite and H contains no hyperbolic element. In this case H has a unique fixed point ξ ∈ ∂X, called a parabolic point. If ξ is a parabolic point, Stab(ξ) is a maximal parabolic subgroup. (i) G acts properly by isometries on X and Y is G-invariant.
(ii) If U stands for the union of the horoballs of Y then G acts co-compactly on X \ U . It follows from this definition that for every j ∈ {1, . . . , m}, the conjugates of H j are maximal parabolic subgroups for the action of G on X.
Statement of the main theorems
Definition 2.17. Let Y be subset of a metric space X. We say that Y is rectifiably path connected if every two points of Y can be joined by a rectifiable path contained in Y . In this situation we denote by | . | Y the induced length metric of Y obtained by restricting | . | X to Y . If in addition there exists ε > 0 such that for every y ∈ Y , the natural embedding Y → X induces an isometry from B ε (y) onto its image, then we say that Y is locally undistorted. Definition 2.18. Let ε > 0. Let Y be a collection of subspaces of a metric space X. We say that X is ε-simply connected relative to Y if any based loop is homotopic to a product of loops γ 1 · γ 2 · · · γ m such that for every m ∈ {1, . . . , m}, γ i is freely homotopic to a loop which has either diameter bounded above by ε or is contained in one of the subsets of Y. Theorem 1.6 is a particular case of the following general result.
Theorem 2.19. Let G a group acting properly co-compactly by isometries on a proper length space X. Let Y be a G-invariant collection of closed locally undistorted subsets of X such that X is ε-simply-connected relative to Y for some ε > 0 and Y/G is finite. We identify Y/G with a set of representatives of the G-orbits of the elements of Y. If X is sparsely asymptotically tree-graded with respect to Y, then G is hyperbolic relative to {Stab(Y ) |Y ∈ Y/G}.
The proof of this statement has two main steps. First we will focus on a slightly weaker form of Theorem 2.19. This second statement (see Theorem 2.21) involves an additional assumption about the behavior of Y with respect to an ultra-filter as detailed below. In Section 4, we explain how the collection Y can be substituted without loss of generality for an other family satisfying our additional hypothesis Definition 2.20. Let (X n , e n ) be a sequence of pointed length spaces. For every n ∈ N, let Y n be a collection of rectifiably path connected subsets of X n . Let ω be a non-principal ultra-filter. We say that the distortion of the sequence
Theorem 2.21. Let G be a group. Let ε > 0. Assume that for every n ∈ N, we are given (i) a pointed proper length space (X n , e n ) on which G acts properly co-compactly by isometries such that the diameter of X n /G is uniformly bounded.
(ii) a G-invariant collection Y n of closed unbounded locally undistorted subsets of X n such that X n is ε-simply-connected relative to Y n and Y n /G is finite.
Let ω be a non-principal ultra-filter. Assume that the distortion of (Y n ) is ω-controlled and that (X n , e n ) is sparsely tree-graded with respect to (Y n ). Then there exists a subset A of N with ω(A) = 1 such that for every n ∈ A, G is hyperbolic relative to {Stab(Y ) |Y ∈ Y n /G} where Y n /G is identified with a set of representatives of the G-orbits of the elements of Y n .
3 Cone-off over a metric space.
Cone modelled on a horoball.
In this section Y denotes a metric space.
Definition 3.1. The horocone over Y denoted by Z(Y ) is the space Y × R + endowed with the metric characterized as follows. For every x 1 = (y 1 , r 1 ), and
Geometric interpretation. The distance in the space Z(Y ) can be seen in the following way. Let us denote by H the upper-half plane model of the hyperbolic plane H 2 .
Let x 1 = (y 1 , r 1 ), and x 2 = (y 2 , r 2 ) be two points of Z(Y ). Let u 0 ∈ R. We consider comparison points in H. Letỹ 1 andỹ 2 be the points of H with respective coordinates (u 0 , 1) and Figure 1 ). Thus |ỹ i −x i | H = r i . The distance |x 2 − x 1 | is exactly the distance in H betweenx 1 and x 2 . It is easy to check from (3) that the metric of Z(Y ) is positive and symmetric. The triangle inequality follows from the geometric interpretation. We denote by ι the natural map from Y into Z(Y ) defined by ι(y) = (y, 0). On the other hand, the radial projection p : Z(Y ) → Y is the map which sends x = (y, r) to y. For every y 1 , y 2 ∈ Y , we have |ι(y 2 ) − ι(y 1 )| = µ (|y 2 − y 1 |) .
where µ : R + → R + is the map satisfying
In particular, for every u ∈ R + , u = 2 sh(µ(u)/2).
Lemma 3.2. The function µ is non-decreasing, concave, subadditive and 1-Lipschitz. Moreover, for every u ∈ R + ,
Remark. Using the vocabulary introduced by the first author in [11, Section 5] it means that µ is an a-comparison map with a = 1/12.
Proof. The proof is left to the reader.
Proof. By definition of the metric of Z(Y ) we get that r 2 d. Using again (3) we obtain
which provides the result. 
Proof. Without loss of generality we can assume that γ is parametrized by arclength. We define several comparison points in the upper half plane model of the hyperbolic space (see Figure 2 ). Given i ∈ {1, 2} we denote byỹ i andx i the points of H with respective coordinates (a i , 1) and (a i , e ri ) so that |x i −ỹ i | = r i . There exists a map r : [a 1 , a 2 ] → R + such that the pathν : [a 1 , a 2 ] → H defined byν(t) = (t, e r(t) ) is the geodesic betweenx 1 andx 2 . Since horoballs in H are convex for every t ∈ [a 1 , a 2 ], we have r(t) min{r, r }. As stated in the lemma, we define that path ν by ν(t) = (γ(t), r(t)). It joins x 1 and x 2 . 
It only remains to prove Point (iii). Assume that γ is a
The previous inequality becomes
However for every α ∈ [1, +∞), for ever β ∈ [0 , 1] the function from R + to R + which sends u to argch(α + βu 2 /2) is 1-Lipschitz. Consequently the length of ν restricted to [s , t] is at most |ν(s) − ν(t)| + l. 
It follows that |ν(s) − ν(t)| µ(e −r d). Since µ is 1-Lipschitz the diameter of ν is at most e −r d.
We now focus on the curvature of the horocones. To that end we introduce an auxiliary cone of finite radius. It corresponds to the cones defined in [11 
Proposition 3.8. [11, Proposition 4.6] For every ρ > 0, the cone of radius ρ over Y is 2δ-hyperbolic, where δ denotes the hyperbolicity constant of the hyperbolic plane H 2 .
Corollary 3.9. The horocone Z(Y ) is 2δ-hyperbolic.
Proof. Let x = (y, r) and x = (y , r ) be two points of Z(Y ). If ρ max{r, r }, then one can consider the points x ρ and x ρ of Z ρ (Y ) whose coordinates are respectively (y, r) and (y , r ). Note that lim
The hyperbolicity is defined by a four point metric inequality. For every ρ > 0, Z ρ (Y ) is 2δ-hyperbolic. By taking the limit it follows that so is Z(Y ).
The next proposition explains that Z(Y ) is a horoball. In particular the boundary at infinity of Z(Y ) contains exactly one point. It follows that |x − ρ(t)| = t + (r 0 − r) + o(1), t → +∞.
Definition of the cone-off and first properties.
In this section X denotes a metric length space. We consider a family Y of rectifiably path connected subspaces of X. The cone-off can be seen as the quotient of the disjoint union of X and the horocones Z(Y ), Y ∈ Y by the equivalence relation that identify every point y ∈ Y with its image ι(y) in Z(Y ). In order to simplify the notation we use the same letter to design a point of this disjoint union and its equivalence class inẊ. Defined in this way, the cone-off is just a set of points. We now explain how to endow it with a length structure.
Note that the cones Z(Y ) are not attached isometrically to X. The map µ defined in Section 3.1 control from below the distortion between the metric on the cones and the one on the base space. Indeed for every Y ∈ Y, for ever y, y ∈ Y ,
Using the vocabulary introduced by the first author in [11, Section 5] , it means that the collection
We endow first the disjoint union of X and the horocones Z(Y ) with the metric induced by their respective distances. Let x and x be two points ofẊ. We define x − x to be the infimum over the distances between two points of the previous disjoint union whose classes inẊ are respectively x and x . This does not define a metric. Indeed . does not satisfy the triangle inequality. Therefore we introduce chains of points. A chain between x and x is a finite sequence C = (z 0 , . . . , z m ) of points ofẊ whose first and last points are respectively x and x . Its length, denoted by l(C), is It endowsẊ with a length structure.
The natural embeddings X →Ẋ and Z(Y ) →Ẋ are not isometric. However they are by construction 1-Lipschitz. We now detail the relation between the metrics on X and Z(Y ) and the one onẊ. 
Remark. Recall that µ is a continuous map, therefore the topology on X induces by | . |Ẋ is the same as the one induced by | . | X . We denote by p :Ẋ → X the map whose restriction to X is the identity and the one to Z(Y ) is the radial projection onto Y defined in Section 3.1.
Lemma 3.15. If S is a bounded subset ofẊ then p(S) is a bounded subset of X.
Proof. Let S be a bounded subset ofẊ. There exist x ∈ X and d ∈ R + such that S is contained in the ball B(x, d) ofẊ. Let x be a point of S. We distinguish two cases. Assume first that x belongs to X. Then by Proposition 3.13, µ(|x − x | X ) |x − x |Ẋ . It follows that |x − p(x )| X < 2 sh(d/2). 
By the triangle inequality,
Consequently, p(S) is contained in the ball of X of center x and radius 2(e d/2 + 1) sh(d/2).
We conclude this section by some topological properties of the cone-off.
Lemma 3.16. The base space X is a deformation retract ofẊ.
Proof. We consider the map F :Ẋ × [0 , 1] → X defined as follows.
for every x in X, for every t
The map F is a deformation retraction ofẊ onto X.
Proposition 3.17. Let ε > 0 Assume that X is ε-simply-connected relative to Y. Then the cone-of X is ε-simply-connected.
Proof. Let x 0 be a base point of X. Let γ be a loop ofẊ based at x 0 . According to Lemma 3.16 γ is homotopic relative to x 0 to a loop γ contained in X. By assumption γ is homotopic to a product of loops γ 1 · γ 2 · · · γ m such that for every m ∈ {1, . . . , m}, γ i is freely homotopic to a loop which has either diameter bounded above by ε or is contained in some Y ∈ Y. By Lemmas 3.6 and 3.14 a loop contained in some Y ∈ Y can be pushed up in the horocone Z(Y ) so that its diameter is at most ε.
Cone-off and hyperbolicity
In this section we try to understand the curvature of the cone-off over a metric space. To that end we use a limit argument. The proposition below corresponds to the limit case. Assume now that (X n ) is a sequence of metric spaces whose ultra-limit X is tree-graded. We would like to capture information about the cone-off over X n from the cone-off over X. This requires to understand the behavior of the cone-off construction with respect to ultra-limit of metric spaces. It was done by the first author for the case of cones with finite radius in [10, Section 3.5] and generalized for arbitrary cones in [11, Section 5.3] . We first recall the relation between cone-off and ultra-limit (see Theorem 3.19). Then we use this property to investigate the hyperbolicity of the cone-off (see Theorem 3.20).
Let (X n , e n ) be a sequence of pointed geodesic metric spaces. For every n ∈ N, we choose a family Y n of rectifiably connected subsets of X n . We writeẊ n for the cone-off over X n relative to Y n . Let ω a non-principal ultra-filter. We denote by X = lim ω X n the ultra-limit of (X n , e n ). Given a sequence (Y n ) ∈ Π n∈N Y n we define a (possibly empty) subset of X lim ω Y n = lim ω y n y n ∈ Y n ω-as. .
We write Π ω Y n for the set of sequences (Y n ) such that lim ω Y n is not empty. We endow this set with an equivalence relation. Given two sequences (Y n ) and
In particular they define the same limit set lim ω Y n = lim ω Y n . We denote by Y the collection of limit sets Y = lim ω Y n where (Y n ) ∈ Π ω Y n / ∼. FinallyẊ stands for the cone-off over X relative to Y. Our goal is to compare lim ω (Ẋ n , e n ) andẊ.
As we explained in Section 3.2 the map µ provides a way to control from below the distortion between the cones attached in the cone-off and the base space. For our purpose we need a more accurate control of this distortion. Recall that the distortion of the sequence (Y n ) is ω-controlled if for every sequence (Y n ) ∈ Π n∈N Y n , for every (y n ), (y n ) ∈ Π n∈N Y n , we have
This definition is slightly different from the one given by the first author in [11] . However if the distortion of (Y n ) is ω-controlled (in our sense) then for every (Y n ) ∈ Π n∈N Y n , for every (y n ), (y n ) ∈ Π n∈N Y n , we have
which corresponds exactly to Definition 5.15 of [11] .
Theorem 3.19. Assume that the distortion of the sequence (Y n ) is ω-controlled, then the spaces lim ω (Ẋ n , e n ) andẊ are isometric.
Proof. To compare lim ω (Ẋ n , e n ) andẊ we introduce two kind of maps.
The second kind of map is defined for every Y ∈ Y. Note that for every Y ∈ Y, for every y ∈ Y , ψ Y • ι(y) = ψ(y). Therefore there exists a mapψ fromẊ to lim ωẊn whose restriction to X (respectively Z(Y )) is ψ (respectively ψ Y ). According to [11, Proposition 5.16 ] for every t 0, the mapψ induces an isometry from B(e n , µ(t)/2) onto B(ψ(e n ), µ(t)/2). However the function µ is not bounded. Henceψ is an isometry.
Theorem 3.20. Let ε > 0. Assume that for every sequence of base points (e n ) ∈ Π n∈N X n , (X n , e n ) is sparsely tree-graded with respect to (Y n ). In addition suppose that (i) for every n ∈ N, X n is ε-simply-connected relative to Y n .
(ii) the distortion of the sequence (Y n ) is ω-controlled.
Then the cone-offẊ n (Y n ) over X n relative to Y n is 900δ-hyperbolic ω-as.
Proof. The proof of the theorem proceeds in two steps. First we use Theorem 3.19 to compare the ω-limit ofẊ n and the cone-off over lim ω X n . However lim ω X n is assumed to be tree-graded. It follows thatẊ n is locally hyperbolic. The second step consists in going from local hyperbolicity to global hyperbolicity using the Cartan-Hadamard Theorem (see Theorem 2.10). More precisely it works as follows.
Recall that δ stands for the hyperbolicity constant of the hyperbolic place H 2 . Let us fix ρ > max{10 10 δ, 10 6 ε}. We denote by A the set of integers n ∈ N such that for every x ∈Ẋ n the ball of center x and radius ρ inẊ n is 3δ hyperbolic. We claim that ω(A) = 1. Assume on the contrary that our assertion is false. Then for every n ∈ N there exists a point x n inẊ n such that ω-as the ball of center x n and radius ρ is not 3δ hyperbolic. Note that we can choose x n in the 3ρ-neighborhood of X n . Indeed if this is not the case then B(x n , ρ) is entirely contained in a horocone Z(Y n ) and the metrics ofẊ n and Z(Y n ) coincide on this ball (see Proposition 3.14), thus by Corollary 3.9, B(x n , ρ) is 2δ-hyperbolic. We now denote by e n a projection of x n onto X n .
Since the ball B(x n , ρ) is not 3δ-hyperbolic, it contains four points u n , v n , w n and t n such that u n , w n tn < min u n , v n tn , v n , w n tn − 3δ.
However these points remain at a distance uniformly bounded of e n . Consequently they define four points u, v, w and t of lim ω (Ẋ n , e n ) such that u, w t min { u, v t , v, w t } − 3δ.
By assumption X = lim ω (X, e n ) is tree-graded with respect to Y. It follows from Proposition 3.18 thatẊ is 2δ-hyperbolic. On the other hand, according to Theorem 3.19 the space lim ω (Ẋ n , e n ) andẊ(Y) are isometric. This contradicts (6) and ends the proof of our claim.
We assumed that every X n is ε-simply-connected relative to Y. Thus by Proposition 3.17,Ẋ n is ε-simply-connected. Applying the Cartan-Hadamard theorem, for every n ∈ A, the spaceẊ n is (globally) 900δ-hyperbolic.
Group action on a hyperbolic cone-off space.
In this section X is a proper geodesic metric space and G a group acting properly co-compactly by isometries on it. We denote by Y a G-invariant collection of closed rectifiably connected subsets of X. The goal of this section is to study the action of G on the cone-offẊ(Y) when the later is hyperbolic. In particular we prove that the horocones that we attached are horoballs. Moreover the group G is relatively hyperbolic and the maximal parabolic subgroups of G are exactly the stabilizers of the horocones.
From now on we assume that Y/G is finite andẊ(Y) is δ-hyperbolic. Without loss of generality we can assume that δ > 0. According to the stability of quasi-geodesics (see Proposition 2.13) there exists L > 100δ with the following property. The Hausdorff distance between two L-local (1, δ)-quasi-geodesics ofẊ joining the same extremities is at most 7δ. Our first proposition generalizes Proposition 3.14. 
Since r(s) > L the distance from ν(s) to Y is larger than L. According Proposition 3.14 we get
which completes the proof of our claim. Let us now consider a path ν :
By choice of L, the Hausdorff distance between ν and ν is at most 7δ. Thus ν is also contained in Z(Y ) \ Y . More precisely, the distance between any point of ν and Y is at least L − 7δ. Let p be a point ofẊ such that x, x p < L − 11δ (the Gromov product being measured with the metric ofẊ). According to Lemma 2.12,
Let us now prove the last assertion, As a path of Z(Y ) the length of ν is the same inẊ or in
This last inequality holds for every sufficiently small η > 0, hence |x − x | Z(Y ) |x − x |Ẋ . Proof. The main idea of the proof is the following. Assume that the statement is false. Using the properness of X one finds two subset Y, Y ∈ Y that fellow-travel for a long distance. Thus we can find two "geodesics" respectively lying in Z(Y ) and Z(Y ) which stay far apart from each other, contradicting the hyperbolicity ofẊ. More precisely it works as follows.
Assume that the proposition is false. The first part of the proof takes place in X. In particular all the distances are measured with | . | X . Recall that Y contains finitely many G-orbits of subsets. Therefore there exists Y ∈ Y such that K intersects infinitely many distinct translates of Y . In other words, for every n ∈ N, there exist g n ∈ G and y n ∈ K such that g −1 n y n belongs to Y and for every n = m, g n Y = g m Y . By taking if necessary a subsequence, we can assume that y n converges to a point y ∈ X.
We first claim that Y is unbounded. Suppose on the contrary that Y is bounded. Since it is closed, Y is compact. Without loss of generality we can assume that g −1 n y n converges to a point z of Y . By triangle inequlity
Thus for every η > 0, if n and m are sufficiently large |g n z − g m z| η. However the group G acts properly on X. Consequently (g n ) only takes finitely many values, which contradicts the fact that the elements of (g n Y ) are pairwise distinct. This completes the proof of our claim.
Let us now fix d such that µ(e −L−δ d) > 4L + 12δ. Since Y is rectifiably connected, for every n ∈ N, there exists a point y n in g n Y such that |y n − y n | = d. In particular y n belongs to the d-neighborhood of K. Since X is proper, this neighborhood is compact. Without loss of generality we can assume that (y n ) converges to a point y . There exist two distinct integers n, m such that |y n − y m | δ and |y n − y m | δ. Moreover by construction |y n − y n | = |y m − y m | = d. From now on, the proof takes place in the cone-offẊ. Let x n and x n be the points of Z(g n Y ) defined by x n = (y n , L + δ) and x n = (y n , L + δ). Similarly we defined two points x m and x m in Z(g m Y ). Thus |x n − x m | 2L + 3δ and |x n − x m | 2L + 3δ. On the other hand
Thus there exists a point p ∈Ẋ such that x n , x n p δ and min{|x n − p| , |x n − p|} > 2L + 6δ According to Lemma 2.11 we get x m , x m p 3δ. It follows then from Proposition 3.21 that p should belong to Proof. Since G acts co-compactly on X there exists a compact subset K of X such that G·K covers X. By Proposition 3.22 only finitely many translates of Y can intersect K. Thus there exists a finite subset P of G with the following property. For every
Since P is finite, L is a compact subset of X. We claim that Y is contained in Stab(Y ) · L. Let y be a point of Y . Since K is a fundamental domain for the action of G on X, there exist a point x ∈ K and an element g ∈ G such that y = gx. In particular, Y ∩ gK = ∅. Thus g can be written g = uh with u ∈ Stab(Y ) and h ∈ P . Consequently, y = u(hx) belongs to Stab(Y ) · L, which proves the claim. Recall that Y is closed, thus Y / Stab(Y ) is compact. Hence Stab(Y ) acts co-compactly on Y .
Corollary 3.24. The cone-offẊ is proper and geodesic.
Proof. Let (x n ) be a bounded sequence of points ofẊ. We want to prove that (x n ) has an accumulation point. By Lemma 3.15, (p(x n )) is a bounded sequence of points of X. According to Proposition 3.22 there are only finitely many Y ∈ Y such that Y contains a point of (p(x n )). By taking if necessary a subsequence we can assume that one of the two following assertions holds.
(i) For every n ∈ N, x n belong to X.
(ii) There exists Y ∈ Y such that for every n ∈ N, x n belongs to Z(Y ).
Assume first that all the points x n belong to X. By Proposition 3.13 (x n ) is bounded as a sequence of X. Since X is proper, (x n ) admits an accumulation point. However X endowed with | . | X or | . |Ẋ has the same topology. Therefore as a sequence ofẊ, (x n ) also admits an accumulation point. Assume now that there exists Y such that all the points x n belong to Z(Y ). For every n ∈ N, we write (y n , r n ) for the point x n . Since (x n ) is bounded, (y n ) is a bounded sequence of Y ⊂ X and (r n ) a bounded sequence of R + . By taking a subsequence if necessary we can assume that (y n ) as a sequence of points of X converges to a point y and (r n ) converges to a non-negative number r. Since Y is closed y is a point of Y . Thus x = (y, r) defines a point of Z(Y ). Recall that we assumed Y to be locally undistorted. Consequently (y n ) converges to y not only for the metric | . | X but also for | . | Y . The map Z(Y ) →Ẋ being 1-Lispchitz we get that for every n ∈ N,
Hence (x n ) converges to x. Finally every bounded sequence of points ofẊ admits an accumulation point, henceẊ is proper. On the other hand we know thatẊ is a length space. By Hopf-Rinow Theorem,Ẋ is geodesic [8, Chapter I.3, Theorem 3.7].
The action of G on X naturally extends by homogeneity into an action of G onẊ. If x = (y, r) is a point of the cone Z(Y ) over Y ∈ Y and g and element of G, then gx is the point of Z(gY ) defined by gx = (gy, r). Proof. Let x be a point ofẊ and r a positive number. We denote by P the set of elements g ∈ G such that gB r (x) ∩ B r (x) = ∅. According to Lemma 3.15 the projection p :Ẋ → X maps B r (x) onto a bounded subset S of X. By construction for every g ∈ P , gS ∩ S = ∅. However, X is proper and G acts properly on it. Therefore P is necessarily finite. Consequently, G acts properly onẊ. Proof. Let us fix a point y 0 in Y . We denote by x 0 the point of Z(Y ) defined by x 0 = (y 0 , L). Let ρ : R + →Ẋ be the function that sends t ∈ R + to the point (y 0 , L + t) of Z(Y ). By construction, ρ is a geodesic ray of Z(Y ). Thus, by Proposition 3.21 it is also a geodesic ray ofẊ. Therefore it defines a point ξ = lim t→+∞ ρ(t) of ∂Ẋ. Let h :Ẋ → R be the Buseman function associated to ρ.
Let x be a point ofẊ. Assume first that x does not belong to Z − (Y ). In particular for every t ∈ R + , we have |x − ρ(t)| |x 0 − ρ(t)| = t. Consequently h(x) 0. Assume now that x is a point of Z − (Y ) of the form x = (y, r). In particular r > L. By Proposition 3.21 the metric of Z(Y ) anḋ X coincide on Z − (Y ). It follows from Proposition 3.10 that h(x) = L − r < 0. This exactly means that Z − (Y ) is a horoball centered at ξ.
By construction every element of Stab(Y ) fixes ξ. Let us prove now the other inclusion. Let g be an element of G such that gξ = ξ. By construction for every t ∈ R + , gρ(t) is defined to be the points of Z(gY ) given by (gy, L + t). However, since gξ = ξ, the Hausdorff distance between the geodesic rays ρ and gρ is bounded. It forces g to stabilizes Y .
Let g be an element of Stab(Y ). Let r ∈ [L, +∞). We denote by x r the point of Z(Y ) given by x r = (y, r). According to Proposition 3.21 we have ch |gx r − x r | = 1 + 1 2 e −2r |gy − y| 2 .
In particular lim r→+∞ |gx r − x r | = 0. It follows that [g] = 0 and thus
Proof. The quotient space X + /G can be obtained by attaching on X/G the sets
Recall that Y/G is finite. Hence X + /G is obtained by attaching together finitely many compact sets. Therefore it is compact. 
Proof of Theorem 2.21
In this section we complete the proof of Theorem 2.21. To that end we consider the following data. Let G be a group. Let ε > 0. For every n ∈ N, we are given (i) a pointed proper length space (X n , e n ) on which G acts properly co-compactly by isometries such that the diameter of X n /G is uniformly bounded.
Let ω be a non-principal ultra-filter. We assume that (X n , e n ) is asymptotically tree-graded with respect to (Y n ). In addition, we suppose that the distortion of (Y n ) is ω-controlled.
Proof of Theorem 2.21. For every n ∈ N, we denote byẊ n the cone-off of X n relative to Y n . Applying Lemma 2.7, for every sequence of base points (e n ) ∈ Π n∈N X n , (X n , e n ) is asymptotically tree-graded with respect to (Y n ). Thus we can apply Theorem 3.20: there exists a subset A of N with ω(A) = 1 such that for every n ∈ A, the cone-offẊ n is δ-hyperbolic where δ = 900δ. Let n ∈ A. Let us identify Y n /G with a set of representatives of the G-orbits of the elements of Y n . We assumed that X n was proper and G acts properly co-compactly by isometries on it. Moreover Y n has finitely many G-orbits and all its elements are unbounded. It follows from Proposition 3.28 that G is hyperbolic relative to the collection {Stab(Y ) |Y ∈ Y n /G}
Proof of Theorem 2.19
This section is dedicated to the proof of Theorem 2.19. We start with the following definitions.
Definition 4.1. An ε-separated set A in X is a set such that for every x, y ∈ A, |x − y| ε. A δ-net in X is a set B such that every point of X lies in the δ-neighborhood of B. A (δ, ε)-net is a δ-net which is ε-separated.
Remark. A maximal δ-separated set is a net and will be referred to as a δ-snet.
Definition 4.2. We say that a subset Y of X has bounded geometry is for every x ∈ X, for every r 0, Y ∩ B r (x) is finite.
Lemma 4.3. Let G be a group acting properly cocompactly by isometries on a proper metric space X. For every δ > 0 there exists a G-invariant δ-snet in X with bounded geometry.
Proof. Since G acts properly and co-compactly by isometries on X, the distance between orbits in X defines a bounded metric onX = X/G, the space of G-orbits (see [8, Proposition 8.5] ). Let δ > 0. We fix a δ-snetS inX. Let S be the pre-image ofS in X. By construction, S is G-invariant δ-net. Moreover it is δ-separated. In particular S is a closed subset of X. Since X is proper the intersection of S with any ball is finite. Thus S has bounded geometry.
Proof of Theorem 2.19. Let G be a group acting properly co-compactly by isometries on a proper length space X. Let Y be a G-invariant collection of closed locally undistorted subsets of X such that X is ε-simply-connected relative to Y for some ε > 0 and Y/G is finite. In particular there exists δ > 0 such that for every Y ∈ Y, for every y ∈ Y the natural embedding Y → X induces an isometry from B δ (y) onto its image. We assume that X is sparsely asymptotically tree-graded with respect to Y. Thus there exists a non-principal ultra-filter ω, a sequence (e n ) of points of X and a sequence (d n ) of real numbers diverging to infinity with the following property. For every
Then (X n , e n ) is sparsely tree-graded with respect to (Y n ).
Since Y/G is finite, there is a uniform bound on the diameter of the bounded sets of Y. Hence for any choice of Y n ∈ Y n , lim ω Y n is a point or Y n is unbounded ω-as. This implies that the sparsely tree-grading structure remains unchanged when only considering the unbounded sets in Y. Since G acts properly, the stabilizer of any bounded subset must be finite. Hence G is hyperbolic relative to {Stab(Y ) |Y ∈ Y/G and Y is unbounded} if and only if G is hyperbolic relative to {Stab(Y ) |Y ∈ Y/G}. Thus we will assume that each element of Y (and hence Y n ) is unbounded.
We would like to apply Theorem 2.21, however the distortion of (Y n ) may not be ω-controlled (see Definition 2.20) . To handle this difficulty we will substitute X n for a slightly large spaceX n which will fulfilled all the assumptions of Theorem 2.21. This construction will strongly use the fact that (X n , e n ) is sparsely tree-graded with respect to (Y n ). More precisely we proceed as follows.
Let (δ n ) be a sequence converging to 0. Fix η > 0. Let n ∈ N. According to Lemma 4.3, X n admits a G-invariant δ n -snet with bounded geometry. We write S n for the set of points in this δ n -snet which are δ n -close to some Y ∈ Y n . We denote by T n the set of unordered pairs (x, y) of points of S n satisfying the folowing properties.
There exists Y ∈ Y n such that x and y lie in the δ n -neighborhood of Y .
The distance |x − y| is a most η.
For every such pair (x, y) ∈ T n , we attach a metric arc a x,y to X n of length |x − y| (measured with the distance of X n ) whose endpoints are x and y. We denote byX n be the resultant space, i.e.
where ∼ is the equivalence relation that identifies for every (x, y) ∈ T n the endpoints of a x,y respectively with x and y. ThenX n has an natural metric such that the quotient map from X n {a x,y |(x, y) ∈ T n } toX n is an isometry when restricted to X n or {a x,y |(x, y) ∈ T n }. We will generally identify X n and {a x,y |(x, y) ∈ T n } with their image inX n . Recall that X n is proper and S n has bounded geometry, thereforeX n is a proper metric space.
We now define a collectionỸ n of subsets ofX n which is in one-to-one correspondence with Y n . If Y is an element of Y n , thenỸ is the union (inX n ) of Y , all the points of S n in the δ n -neighborhood of Y and all the arcs a x,y such that x and y are two points lying in the δ n -neighborhood of Y such that |x − y| η. In other words
In particular Y isometrically embeds intoỸ . The collectionỸ n is the family of all subsetsỸ obtained in this way. The next lemmas investigate the asymptotical properties of the sequence (X n ).
Lemma 4.4. The spaceX n is η-simply-connected relative to Y n ω-as.
Proof. Let n ∈ N. The spaceX n is obtained by attaching edges of length at most η to X n which is geodesic. Therefore every loop γ inX n is homotopic to a product γ · γ 1 · · · γ where γ is a loop in X n and the γ i are freely homotopic to a loop of diameter at most η. Thus the conclusion follows from the fact that X n is ε/d n -simply-connected relative to Y n .
Lemma 4.5. The sequence (X n , e n ) is sparsely tree-graded with respect to (Ỹ n ).
Remark. Note first that the diameter ofX n /G n is uniformly bounded. Indeed for every n ∈ N, diam(X n /G) diam(X n /G) + η. In particular the ω-limit ofX n does not depend on the choice of the base points (e n ). More precisely, according to Lemma 2.7, whatever the sequence of base points (e n ) is, (X n , e n ) is sparsely tree-graded with respect to (Ỹ n ).
Proof. We have the following equalities.
and for every (Y n ) ∈ Π n∈N Y n ,
where
and |x n − y n | η ω-as ,
and a x,y is a metric arc of length |x − y| attached to lim ω X n in the same way we did for X n .
We now look at Axiom (T ω 1 ). Let (Ỹ n ) and (Ỹ n ) be two sequences of Π n∈NỸn such thatỸ n =Ỹ n ω-as. It particular it implies that Y n = Y n ω-as, where Y n and Y n are the elements of Y n from whichỸ n andỸ n have been built. Consequently lim ω Y n and lim ω Y n have at most one common point. Therefore it is sufficient to prove that lim ωỸn ∩ lim ωỸ n is contained in lim ω Y n ∩ lim ω Y n . Let z be a point of lim ωỸn ∩ lim ωỸ n . Without loss of generality we can assume that z does not belong to lim ω Y n ∩ lim ω Y n . Consequently, for every n ∈ N there exist x n , y n with |x n − y n | η which are in the δ n -neighborhood of both Y n and Y n and a point z n on the arc a xn,yn such that z is the limit z = lim ω z n . Since the sequence (δ n ) converges to 0, x = lim ω x n and y = lim ω y n lie in the intersection of lim ω Y n and lim ω Y n , thus x = y. In other words lim ω |x n − y n | = 0. However by construction z n is on the arc between x n and y n whose length is |x n − y n |. At the limit we obtain z = x = y. Hence z belongs to lim ω Y n ∩ lim ω Y n . Consequently Axiom (T ω 1 ) holds.
Only Axiom (T ω 2 ) is left to prove. Let α : S 1 → lim ωXn be a closed curve. Suppose that α is not contained in a single set ofỸ = {lim ωỸn |Y n ∈ Y n }. We denote by U the set lim ωXn \ lim ω X n . In other words U is the union for all (x, y) ∈ Q of the open arcs a x,y \ {x, y}. Notice that U is open in lim ωXn . Let {J k } be the set of disjoint open intervals of α −1 (U ). Note that both endpoints of an interval J k must be mapped into the same element of Y. Since the pieces of lim ω X n are convex, we can then define a new closed loop γ by replacing each subpath α(J k ) by a geodesic contained in a single piece between its endpoints (hereJ k stand for the closure of J k ). Then γ is a closed curve in lim ω X n which is not contained in a single piece of lim ω X n . By Lemma 2.5, there exists distinct transition points t 1 , t 2 ∈ S 1 such that γ(t 1 ) = γ(t 2 ). Notice that γ(t) = α(t) for all transition points. Thus α(t 1 ) = α(t 2 ). In particular α is not a simple curve. This implies (T ω 2 ) and completes the proof of the lemma.
Proof. Let n ∈ N. LetỸ ∈Ỹ n . Note that by constructionỸ ∩ S n is a δ n -snet ofỸ ∩ X n . By adjoining points on the added arcs, we can extend S n into a subsetS n ofX n such thatỸ ∩S n is a δ n -snet ofỸ . Notice that any two points inỸ ∩S n which are at most η apart are still connected by a geodesic contained inỸ . This extension can be done in such a way that everyỸ ∈Ỹ n satisfies the same property.
Let (Ỹ n ) be a sequence of Π n∈NỸn . Let (y n ) and (y n ) be two elements of Π n∈NỸn . Our goal is to compare lim ω |y n − y n |Ỹ n and lim ω |y n − y n |X n . By definition of the length metric we have
Hence it is enough to show that if lim ω |y n − y n |X n is finite, then the reverse inequality holds. As we explained before, the choice of the base points does not affect the ω-limit ofX n . Therefore we will work in lim ω (X n , y n ) and put y = lim ω y n . Since lim ω |y n − y n |X n is finite, the sequence (y n ) defines a point y = lim ω y n in lim ω (X n , y n ). Fix a geodesic γ : [a , b] → lim ωXn from x to y. Since (X n ) is sparsely tree-graded with respect to (Ỹ n ), γ is contained in the piece lim ωỸn . Fix a partition a = t 0 < t 1 < · · · < t k = b such that for every j ∈ {0, . . . , k − 1},
Recall that for every n ∈ N,Ỹ n ∩S n is a δ n -snet ofỸ n , Therefore for every j ∈ {1, . . . , k − 1}, there exists a sequence (z n,j ) ∈ Π n∈NỸn ∩S n such that γ(t j ) = lim ω z n,j . In addition for every n ∈ N there exists z n,0 , z n,k ∈Ỹ n ∩S n such that |y n − z n,0 |X n δ n and |y n − z n,k |X n δ n . In particular lim ω z n,0 = y and lim ω z n,k = y . There exists a subset A of N with ω(A) = 1 such that for every n ∈ A, for every j ∈ {0, . . . , k − 1},
By construction ofS n it implies that
Recall that every Y ∈ Y is locally undistorted in X. By choice of (δ n ) it follows that for every n ∈ N, |y n − z n,0 |X n = |y n − z n,0 |Ỹ n and |y n − z n,k |X n = |y n − z n,k |Ỹ n .
Consequently, for every n ∈ A we have the following inequality.
Thus after taking the ω-limit we get
Thus the distortion of (Ỹ n ) is ω-controlled. 
Application and comments
In this section we prove the theorem given in the introduction. We discuss also some questions naturally arising from this work. Given a finite set S, recall that F(S) stands for the free group generated by S.
Definition 5.1. Let G be a group and {H 1 , . . . , H m } a collection of subgroups of G. We say that G is finitely presented relative to {H 1 , . . . , H m } if there exist a finite set S and a finite subset R of the free product F(S) * H 1 * · · · * H m such that G is isomorphic to the quotient of F(S) * H 1 * · · · * H m by the normal subgroup generated by R. Proof. Since G is finitely presented relative to {H 1 , . . . , H m }, each H i is finitely generated. For every i ∈ {1, . . . , m} we fix a presentation S i |R i of H i where S i is finite (note that R i might be infinite). We denote by Y i the Cayley graph associated to this presentation. The group G being relatively finitely presented, it admits a presentation S ∪ S 1 ∪ · · · ∪ S m |R ∪ R 1 ∪ · · · ∪ R m where S and R are finite. The space X stands for the Cayley graph associated to this presentation. This space is quasi-isometric to G. Note that every Y i naturally embeds in X and the stabilizer of Y i is H i . Since the generating set of the presentation of G is finite, X is a proper geodesic space. Moreover each Y i is locally undistorted. We denote by Y the set of all translates of Y i , i.e.
It follows from our asumptions that X is sparsely asymptotically tree-graded with respect to Y. By construction, any loop in X is homotopic to a product of loops γ 1 · · · γ such that for every j ∈ [1 , ] γ j is freely homotopic to a loop contained in one element of Y or representing an element of R. However R is finite. Thus X is ε-simply-connected relative to Y for some ε > 0. Therefore by Theorem 2.19, G is hyperbolic relative to {H 1 , . . . , H m }.
Relatively finite presentation. The assumptions of Theorem 5.2 cannot be weakened. In particular it is really essential to assume that G is finitely presented relative to {H 1 , . . . , H m }. Consider for instance a lacunary hyperbolic group. A finitely generated group is lacunary hyperbolic if one of its asymptotic cones is a tree. A. Ol'shanskiȋ, D. Osin, and M. Sapir showed the existence of lacunary hyperbolic groups which are not hyperbolic [25] . Recall that a group is hyperbolic relative to the trivial subgroup if and only if it is hyperbolic. If G is lacunary hyperbolic, then G has an asymptotic cone which is a tree. Hence G is sparsely asymptotically tree-graded with respect to the trivial subgroup. Hence the existence of lacunary hyperbolic groups which are not hyperbolic shows that it is still not enough to be sparsely asymptotically tree-graded with respect to a finitely generated subgroup.
Let us sketch now the construction of another example. We build a group G which is sparsely asymptotically tree-graded with respect to an infinite subgroup H. However the asymptotic cone involved in this example is not a tree. To that end we use the small cancellation theory. We refer the reader to the book of R. Lyndon and P. Schupp for an exposition of the small cancellation theory [23, Chapter V] . Fix an alphabet A and let {w n } be a set of cyclically reduced words satisfying the C (λ) assumption for λ 1 and lim n→∞ |w n |/|w n+1 | = 0. Here |w n | stands for the length the word w n . For example, we can take the alphabet A = {a, b} and the set {w n } n 1000 where
Given a subset I of N we write R I for the set {w n n | n ∈ I}. We define the group G I by the presentation G I = S | R I whereas H I is the subgroup of G I generated by {w n | n ∈ I}. Proposition 5.3. There exists an infinite subset I of N such that G I is sparcely asymptotically tree-graded with respect to the set of distinct left cosets of H I .
To prove the proposition we will need the following two lemmas which are consequences of small cancelation theory. The proof is left to the reader. Remark. The group G J from Proposition 5.3 cannot be hyperbolic relative to H J since H J is not finitely generated. Note that in this example Con ω (G J , d) is tree-graded with respect to a family of circles. Hence being sparsely asymptotically tree-graded with respect to a H J is definitely insufficient to imply hyperbolic relative H J . While G J is not hyperbolic relative to H J , it is unknown if G J hyperbolic relative to some other subgroup.
Control of the pieces. In the statement of Theorem 5.2, it is stronger to ask that G is sparsely asymptotically tree-graded with respect to {H 1 , . . . , H m } than just some asymptotic cone of G is a tree-graded space. Indeed the first assumption explains where the pieces of the tree-graded structure come from. One could also ask whether the it is necessary for the pieces to be limits of a subgroup. In [4] , J. Behrstock proved that any asymptotic cone of the mapping class group MCG(Σ) of a surface Σ has global cut points and therefore is tree-graded (with respect to a non-trivial collection of pieces) but the pieces are not limits of subgroups. Indeed MCG(Σ) is not hyperbolic relative to any family of proper subgroups [3, 1] . (It is weaky relatively hyperbolic in a certain sense, though.) Therefore we wonder if there is a way to characterize finitely generated groups such that some of there asymptotic cones are tree-graded. In particular does such a group have an acylindrical action on a hyperbolic space? (See [27] for a study of acylindrically hyperbolic groups.)
Lacunary relatively hyperbolic groups. In [25] , A.Y. Ol'shanskiȋ, D. Osin and M. Sapir used asymptotic geometry to extend the notion of hyperbolic group: a group is lacunary hyperbolic if one of its asymptotic cones is an R-tree. Among others, they provided many examples of lacunary hyperbolic groups and proved that they share some common properties. For instance, a lacunary hyperbolic group cannot contain a subgroup isomorphic to Z 2 or the lamplighter group. In addition, they proved that lacunary hyperbolic groups can be characterized as a limit of hyperbolic groups G 0 G 1 G 2 . . . with some control of the hyperbolicity constant of G k compare to the injectivity radius of the map G k G k+1 .
Following the same approach, one could introduce a new class of groups. Let G be a finitely generated group and {H 1 , . . . , H m } a collection of subgroups of G. We would say that G is lacunary hyperbolic relative to {H 1 , . . . , H m }, if G is sparsely asymptotically tree-graded with respect to {H 1 , . . . , H m }. The first steps to study this class would be to solve the following questions.
Which groups are lacunary relatively hyperbolic but not lacunary hyperbolic?
Is there a characterization of lacunary relatively hyperbolic groups as a limit of relatively hyperbolic groups?
What are the common properties of lacunary relatively hyperbolic groups? Let G be a lacunary hyperbolic group relative to {H 1 , . . . , H m }. If G contains a subgroup isomorphic to Z 2 is it necessarily conjugate to a subgroup of one of the H i ?
